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Abstract 

We study asymptotic behavior of a Markov semigroup on a von-Neumann 
algebra by exploring a maximal von-Neumann subalgebra where the Markov 
semigroup is an automorphism. This enables us to prove that strong mixing 
is equivalent to ergodic property for continuous time Markov semigroup on a 
type-I von-Neumann algebra with center completely atomic. For discrete time 
dynamics we prove that an aperiodic ergodic Markov semigroup on a type-I 
von-Neumann algebra with center completely atomic is strong mixing. There 
exists a tower of isomorphic von-Neumann algebras generated by the weak 
Markov process and a unique up to isomorphism minimal dilated quantum dy- 
namics of endomorphisms associated with the Markov semigroup. The dilated 
endomorphism is pure in the sense of Powers if and only if the adjoint Markov 
semigroup satisfies Kolmogorov property. As an application of our general re- 
sults we find a necessary and sufficient condition for a translation invariant 
state on a quantum spin chain to be pure. We also find a tower of type-IIi 
factors canonically associated with the canonical conditional expectation on a 
sub-factor of a type-IIx factor. This tower of factors unlike Jones's tower do 
not preserve index. This gives a sequence of Jones's numbers as an invariance 
for the inclusion of a finite sub-factor of a type-IIi factor. 



2 



1 Introduction: 



Let r = {j t , t > 0) be a semigroup of identity preserving completely positive 
normal maps [Da, BR] on a von-Neumann algebra Ao acting on a separable 
Hilbert space Tio, where either the parameter t G R+, the set of positive real 
numbers or Z + , the set of positive integers. In case t G R+, i.e. continuous, 
we assume that for each x G Ao the map t — > r t (x) is continuous in the weak* 
topology. Thus variable t G IT + where W is either TR or IN. We assume 
further that (r t ) admits a normal invariant state (fio, i-e. 0oT< = 0oVt > 0. 
We continue our investigation [Mol] on asymptotic behavior of the quantum 
dynamical semigroup (Ao,T t ,(po) and associated minimal dilated processes. 

In section 2 we investigate asymptotic behavior of the quantum dynamical 
semigroup (r t t > 0) on Ao- We say (r t ) is ergodic if : r t (x) = x, t > 
0} = {zl,z G 17} and a normal state O is invariant if o (' r «( a; )) = ^oC^) f° r 
all x G ^4oj^ > 0. A normal state O is an equilibrium or strongly mixing state 
if 4>T t (x) — > 0o (#) as t — > oo for all x G .Ao and normal state on .Ao- Let p be 
the support projection of the state 0o m Ao- p is the minimal element in Ao 
so that (f>o( x ) — <Po(p x p)- Thus p is a sub-harmonic projection (i.e. r t (p) > p 
) for (r t ) and T t (x)p = T t {xp)p for all x G A)- We define the reduced Markov 
semigroup (Ao, r[, 0q) by rf(x) = pr t (pxp)p for all x G Aq, where Aq = pAop. 
Let y be the strong limit of T t (p) as t — > oo. So r t (y) = y for all t > 0. Thus 
(A.o,r t ,0 o ) is ergodic if and only if r t (p) | / and (Aq, rf , 0q) is ergodic ( See 
Theorem 3.6 in [Mol]). Similar result is also for strong mixing ( see Theorem 
3.12 in [Mol] ). All these results suggest while studying asymptotic behavior, 
there is no charm lost in assuming that the invariant normal state is faithful. 
In this section we aim to refine various sufficient conditions proved in [Mol] 
for strong mixing. 
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In case 0o is faithful, normal and invariant for (rt), we recall [Mol] that 
Q = {x E Ao : f t T t (x) = x, t > 0} is von- Neumann sub-algebra of T = 
{x <E A : T t (x*)r t (x) = T t (x*x),T t (x)T t (x*) = r t (xx*) Vt > 0} and the equality 
G = C is a sufficient condition for (j) to be strong mixing for (r t ). Since 
the backward process [AM] is related with the forward process via an anti- 
unitary operator we note that 0o is strongly mixing for (r t ) if and only if 
same hold for (f t ). We can also check this fact by exploring faithfulness of O 
and the adjoint relation [OP]. Thus C C Q C T and equality C = Q is also a 
sufficient condition for strong mixing where T and Q are von-Neumann algebras 
associated with (ft). Thus we find two competing criteria for strong mixing. 
However it is not clear whether T = T or Q = Q. Since given a dynamics 
it is difficult to describe (f t ) explicitly this criterion Q = C is rather non- 
transparent. We prove that Q = {x e T : T t a s (x) = a s T t (x), \/t > 0. s G R} 
where a = (a s : s G-R) is the Tomita's modular auto-morphism group [BR,OP] 
associated with 0o- So Q is the maximal von-Neumann sub-algebra of A®, where 
(r t ) is an *-endomorphism [Ar], invariant by the modular auto-morphism group 
(<7 S ). Moreover a s (Q) = Q for all s eR and f t (G) = Q for all t > 0. Thus by a 
theorem of Takesaki [OP], there exists a norm one projection JEg from Aq onto 
Q which preserves 0o i-e. (fiolE = O - Exploring the fact that f t {Q) = Q, we 
also conclude that the conditional expectation IEg commutes with (r t ). This 
enables us to prove that (Ao, r t , O ) is ergodic (strongly mixing) if and only if 
(Q, r t , 0o ) is ergodic (strongly mixing). Though r t (Q) C Q for all t > 0, equality 
may not hold in general. However we have 

n r t (G) = n m 

t>0 t>0 

where Q = {x G Ao : T t (f t (x)) = x, t > 0}. Q = Q holds if and only if 
r t (G) = G, r t (G) = G for all t > 0. Thus Go = f) t > n(G) is the maximal 
von-Neumann sub-algebra invariant by the modular automorphism so that 
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(Go,Tt,(f>o) is an *— automorphisms with (Go,f t ,(po) as it's inverse dynamics. 
Once more there exists a conditional expectation JEg : Aq — > ^4o on to <7o 
commuting with (r t ). This ensures that {Aq, r t , O ) is ergodic (strongly mixing) 
if and only if {Go,T t ,(po) is ergodic (strongly mixing). It is clear now that 
Go — Go, thus Go — -Cj a criterion for strong mixing, is symmetric or time- 
reversible. Exploring the criterion Go = C we also prove that for a type-I factor 
Aq with center completely atomic, strong mixing is equivalent to ergodicity 
when the time variable is continuous i.e. R+ (Theorem 2.4). This result in 
particular extends a result proved by Arveson [Ar] for type-I finite factor. In 
general, for discreet time dynamics {Ao, T i 0o)> ergodicity does not imply strong 
mixing property (not a surprise fact since we have many classical cases). We 
prove that r on a type-I von-Neumann algebra Aq with completely atomic 
center is strong mixing if and only if it is ergodic and the point spectrum of 
r in the unit circle i.e. {w G S 1 : t{x) = wx for some non zero xinAo} is 
trivial. 

In section 3 we consider the unique up to isomorphism minimal forward 
weak Markov [AM,Mol] stationary process {j t {x), t G IT, x G ^4o} associ- 
ated with (Ao,r t ,(j) Q ). We set a family of isomorphic von-Neumann algebras 
{A[t : t G IT} generated by the forward process so that A[t C ^4[ s whenever 
s < t. In this framework we construct a unique modulo unitary equivalence 
minimal dilation (^4[ ,ai t , t > 0,0), where a = (a t : t > 0) is a semigroup 
of *— endomorphism on a von-Neumann algebra A[o acting on a Hilbert space 
H[o with a normal invariant state <p and a projection P in ^4[ so that 

(a) PA [0 P = tt(Ao)"; 

(b) Q G H[o is a unit vector so that 4>{X) =< £l,X£l >; 

(b) Pa t {X)P = 7i(r t (PXP)) for t > 0, X G ^ [0 ; 

(c) {a tn (PX n P) a t3 (PX 3 P)a t2 (PX 2 P)a tl (PX 1 P)n : < h < t 2 .. < 
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t n , n > l},Xi G A[o} is total in H[o, 

where ir is the GNS representation of Aq associated with the state <f> . We end 
this section with a criterion for the inductive limit state associated with a C* 
algebra valued quantum dynamical semigroup (Bo,X t : t > 0,tp) of endomor- 
phisms to be pure. To that end we explore the minimal weak Markov process 
associated with the reduced Markov semigroup on the corner algebra of the 
support projection and prove that the inductive limit state is pure if and only 
if the Markov semigroup satisfies Kolmogorov's property introduced in [Mol]. 

In section 4 we deal with only faithful ipo and prove that A[ t is a factor if 
and only if A is a factor. Moreover A[ t is a type-I (type-II, type-Ill) factor if 
and only if Ao is also type-I (type-II, type- III) respectively. In particular we 
construct a class of complete boolean algebra of factors [AW]. In section 5 we 
find a product system [Ar] when Ao is a type-I factor and construct a class of 
complete boolean algebra of type-I factors [AW] appearing canonically with a 
continuous tensor product of Hilbert spaces. 

Section 6 includes an application of results proved in section 3. We consider 
a translation invariant extremal state oo' on UHF rf algebra ®%M d and choose 
an element ip G K^, where K u = {■?/>: ip is a state on O d such that ip\ = 
ip and V^TjHFd = ^ is the canonical endomorphism on Od and u is the 
restriction of u/. Let (H n ,7i,Q) be the GNS representation of (O d ,ip)- Then 
(H, Si, P, Vi, Q) is a Popescu system [BJKW], where P is the support projection 
of the state tpn(X) =< Q,XQ > on the von-Neumann algebra rr(O d )", Si = 
n(si) and Vi = PSiP. Let Q be the support projection of the state ipci on 
the von-Neumann algebra {SiS} : |/| = \J\ < oo}" and Ao = QSiSjQ : 
|/| = \J\ < oo}. We also set l k = QS k Q for all 1 < k < d and define 
Markov semigroup r on A by t(x) = J2ikxl*. The normal state ip , defined 
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by ipo(x) = ip{QxQ) for all x G Ao, is faithful normal and invariant for r. We 
explore Kolmogorov's property of the minimal weak Markov process associated 
with (Ao,r n ,ip ) is a necessary and sufficient condition for uj' to be pure. The 
result here is more general then what initiated and developed in [FNW1,FNW2, 
BJKW] for translational invariant state on quantum spin chain. The theory is 
further developed when the state is in detailed balance [Mo3] and applied to 
study behaviour of the ground state for well known examples. 

In section 7 we investigate the tower A\t of factors when Ao is type-IIi. In 
such a case each A[ t is either identical and isomorphic to Ao or is a type-IIoo 
factor. Moreover jo(I) is a finite projection in A[- t for each t > 0. Thus 
we find a canonical tower of type-IIi factors M s C M t for s < t, where 
Mt = jo(I)A[-tjo{I), t > 0, acting on the Hilbert subspace jo(I). One natural 
question that appears interesting: How Jones's tower of type-IIi factors is 
related with the tower {M t : t > 0}? Can we recover Jones's tower by choosing 
an appropriate dynamics (.Ao, T , 0o) in discreet time variable? To that end 
let £>o be a proper finite sub-factor of Ao and <po be the unique normalize 
trace. We consider the representation of Ao by left multiplication on L 2 (Ao, <po) 
and a conditional expectation r on Bo defined by r(x) = E xE , where E 
is the projection in L 2 (Ao-,4>o) generated by vectors in Bo- We prove that 
Ai = {Ao,Eo}" is isomorphic to a proper von- Neumann sub-algebra of Mi 
associated with (Aq,t, o )- Thus [Mi : Mq] > [Ao ■ B ]. So the canonical 
tower Mk ^ Mk+i of type-IIi factors appears here is different from that of 
Jones's [Jo]. The sequence {[Mk '■ Mk-i] '■ k > 0} of Jones index is an 
invariance for the inclusion of the sub-factors. A detailed study, needs to be 
done to explore this new invariance, which seems to be an interesting problem! 
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2 Time-reverse Markov semigroup and 
asymptotic properties: 

Following [OP, AM], we consider the unique Markov map f on A which satisfies 
the following adjoint relation 

0o(o-i/2(zMy)) = (f) (f(x)a_ 1/2 (y)) (2.1) 

for all x, y G Ao analytic elements for the Tomita's modular automorphism 
(cr t : t G M) associated with a faithful normal invariant state for a Markov 
map r on Aq. For more details we refer to the monograph [OP]. We also quote 
now [OP, Proposition 8.4 ] the following proposition without a proof. 

PROPOSITION 2.1: Let r be an unital completely positive normal maps 
on a von-Neumann algebra Aq and O be a faithful normal invariant state for 
t. Then the following conditions are equivalent for x G A$: 

(a) t(x*x) = t(x*)t(x) and a s (r(x)) = r(a s (x)), V s G-R; 

(b) tt(x) = x. 

Moreover r restricted to the sub- algebra {x : fr(x) = x} is an isomorphism 
onto the sub-algebra {x G Ao : rf(x) = where (<j s ) be the modular auto- 
morphism on ^4 associated with O - 

PROPOSITION 2.2: Let (y4o, r t , 0o) be a quantum dynamical system and 
0o be faithful invariant normal state for (r t ). Then the following hold: 

(a) Q = {x G Aq : T t (x*x) = T t (x*)r t (x), r t (xx*) = T t (x)r t (x*), a s (r t (x)) = 

V s G-R, t > 0} and £ is er = (a s : s Gi?) invariant and commuting 
with r = (r t : £ > 0) on Q. Moreover for all t > 0, t 4 (^) = ^ and the 
conditional expectation : Ao — > ^4o on to commutes with (r t ). 

(b) There exists a unique maximal von-Neumann algebra Q C ^ f| ^ so that 
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&t(Go) = Go for all t G R and (Go, r t , 4>o) is an automorphism where for any t > 0, 
f t Ti = r t f t = 1 on £ . Moreover the conditional expectation^, : Aq — > ^4o 
onto (/ commutes with (r t ) and (f t ). 

PROOF: The first part of (a) is a trivial consequence of Proposition 2.1 once 
we note that G is closed under the action x — > x*. For the second part we recall 
[Mol] that (j) (x*JxJ) — 4>o(T t (x*)jT t (x)J) is monotonically increasing with t 
and thus for each t > if f t T t (x) = x then 7yr s (x) = x for all < s < t. So the 
sequence Gt = { x ^ '■ ^t T t(x) = x} of von- Neumann sub-algebras decreases 
to G as t increases to oo i.e. G = f)t>o Gt- Similarly we also have G = floo Gt- 

Since Gt monotonically decreases to G as t increases to infinity for any s > 
we have t s (Q) = f)t>o T,(G t )- 

Now we verify that f] s >r r s(G) = f] s > r C\t>o T a +t(Gt) = Plt>o Pls>r T s+t (Gt) = 
C\t>rC\o< s <t T t(Gs), where we have used r t {Gt) = Gt- Since Gt are monotonically 
decreasing with t we also note that f)o<s<t r t(G s ) = r t(Gt)- Hence for any r > 

n t s (g) = g (2.2) 

s>r 

From (2.2) with r = we get G Q T t(G) for all t > 0. For any t > we also 
have r t {G) ^ ns>t r s(^) = G- Hence we conclude r t (G) = G for any t > 0. By 
symmetry f t (G) = G for any t > 0. 

Since G is invariant under the modular automorphism (<j s ) by a theorem 
of Takesaki [AC] there exists a norm one projection Eg : A ^ A with range 
equal to G- We claim that£g commutes with (r t ). To that end we verify for 
any x G ^4q and y <E G the following equalities: 



< JgyJgUJ ,Eg(Tt(x))uJo > = < J Q yJ UJo,Tt(x)uJo > 
= < J ft(y)J OOo,XU > = < Jgf t (y)JgLJ ,Eg(x)uJ > 
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= < JgyJgUJQ,T t (Eg(x))uj ) > 

where we used the fact that f(Q) — Q for the third equality and range of lEg 
is indeed Q is used for the last equality. This completes the proof of (a). 

Now for any s > we note that f s {Q) = [\> a f a {Q t ) = C\t>s T s T t (Gt) = 
r\t>sfsT s (T t - s (G t ))) = V\t>s T t-s{Qt) = C\t>o T t(Qs+t) where we have used the 
fact that Tt- s (Gt) Q Gs- Thus we have f) s >o T s(G) ^ V\ s >o^s{G)- By the dual 
symmetry, we conclude the reverse inclusion and hence 

n t.(q) = n uq) (2.3) 

s>0 s>0 

We set Go = f)s>o T s{G)- Thus Q C Q and also Q C Q by (2.3) and for each 
t > we have r t f t = r t r t = 1 on Q . Since t s (Q) is monotonically decreasing, we 
also note that r t (0 o ) = n s >oT-s+t(^) = ^o- Similarly f t (^ ) = Go by (2.3). That 

is invariant by the modular group a follows since G is invariant by a = (a t ) 
which is commuting with r = (r t ) on G- Same is also true for (f t ) by (2.3). By 
Takesaki's theorem [AC] once more we guarantee that there exists a conditional 
expectation Eg : „4 — > ^4 with range equal to Since f t (^ ) = once 
more by repeating the above argument we conclude that Eg r t = r t Eg Q on 
Aq. Since we also have T t (Go) = Go, by symmetry of the argument Eg is also 
commuting with f = (ft) ■ 

We have the following reduction theorem. 

THEOREM 2.3: Let (Aq, r t , O ) be as in Proposition 2.2. Then the follow- 
ing statements are equivalent: 

(a) (Ao, T t , O ) is strong mixing ( ergodic ); 

(b) (G,T t ,(p ) is strong mixing ( ergodic ); 

(c) (<?o ? r t?0o) is strong mixing ( ergodic ). 
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PROOF: That (a) implies (b) is obvious. By Proposition 2.2. we have 
EgT t {x) = r t Eg(x) for any x G Aq and t > 0. Fix any x G Ao. Let x^ be any 
weak* limit point of the net T t (x) as t — > oo which is an element in £ [Mol]. In 
case (b) is true, we find that Xoo = Eg(xoo) = 4>o(Eg(x)) = <f> (x)l. Thus <f>o(x)l 
is the unique limit point, hence weak* limit of r t (x) as t — > oo is 0o(x)l. The 
equivalence statement for ergodicity also follows along the same line since the 
conditional expectation E x on the the von-Neumann algebra X = {x : r t (x) = 
x, t > 0} commutes with (r t ) and thus satisfies E x Eg = EgEj = E x . This 
completes the proof that (a) and (b) are equivalent. That (b) and (c) are 
equivalent follows essentially along the same line since once more there exists a 
conditional expectation from Q to Go commuting with {jt) and any weak* limit 
point of the net r t {x) as t diverges to infinity belongs to t s (Q) for each s > 0, 
thus in Go- We omit the details. ■ 

Now we investigate asymptotic behavior for quantum dynamical system 
dropping the assumption that c/>o is faithful. Let p be a sub-harmonic projection 
in Ao for (r t ) i.e. r t {p) > p for all t > 0. Then (Aq, if , 0o) is a quantum 
dynamical semigroup where Aq = pAoP and rf(x) = pr t (pxp)p for x E Ao and 
0q(x) = <p (pxp). In [Mol] we have explored how ergodicity ( strong mixing ) 
of the original dynamics can be determined by that of the reduced dynamics. 
Here we add one more result in that line of investigation. 

THEOREM 2.4: Let (.Ao, r t , O ) be a quantum dynamical systems with a 
normal invariant state O an d p be a sub-harmonic projection for (r t ). If 
s-limitt^ooTiQo) = 1 then the following statements are equivalent: 

(a) \\4>r t — 0o 1 1 as t — > oo for any normal state on on ^4 . 

(b) | |0 p rf — <^>o 1 1 — ^ as t — > oo for any normal state (jf on Aq. 

PROOF: That (a) implies (b) is trivial. For the converse we write 
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\\<t>n - 0o|| = sup a ..|| a .||< 1 |0r t (a;) - 4>o{x)\ < sup {x:]lxll < 1} \(f)Tt(pxp) - Mp x p) \ + 
sa 'P{x:\\x\\<i}\ < i yr t(pxp ± )\ + sup {a ..|| a .||< 1} |^r t (p- L xp)| + sup {a ..|| a .||< 1} |^r t (p- L xp- L )|. 
Since r t ((l — p)x) — > in the weak* topology and \(f)T t (xp- L )\ 2 < 
|0r t (a;x*)|0(r t (p- L ))| < | \x\ \ 2 4>(r t (p ± ) it is good enough if we verify that (a) 
is equivalent to supr^.iuii^J^T^pxp) — (f>o(pxp)\ — > as i — > oo. To that end 
we first note that limsup t _ >oo sup ;I ..|| ;I .|| <1 |'0(r s+t (pa;p)) — cj) (pxp)\ is independent 
of s > we choose. On the other hand we write r s+t (pxp) = T s (pr t (pxp)p) + 
T s {pTt{pxp)p- L ) + T s (p- L r t (pxp)p) + T s (p ± T t (pxp)p- L ) and use the fact for any nor- 
mal state we have limsnp t ^^sup x .^ <1 \tp(T s (zr t (pxp)p- L )\ < \\z\\ ^(^(p -1 ))! 
for all z G A®. Thus by our hypothesis on the support projection we conclude 
that (a) hold whenever (b) is true. ■ 

In case Ao is a type-I von- Neumann algebra with center completely atomic, 
then (Ao,T t ,(j)o) is strong mixing if and only if Q —C [Mol]. This criteria has 
been further explored in [Mo3] for an explicit necessary and sufficient condition 
on the coefficient associated with Stinespring representation [Da] of a Markov 
map. This criteria in particular enable us to construct ergodic Markov map 
on a finite dimensional algebra with a faithful normal state and but not strong 
mixing. However in case the time variable is continuous and the von-Neumann 
algebra is the set of bounded linear operators on a finite dimensional Hilbert 
space TCq, by exploring Lindblad's representation [Li], Arveson [Ar] shows that 
a quantum dynamical semigroup with a faithful normal invariant state is er- 
godic if and only if the dynamics is strong mixing. In the following we prove 
a more general result exploring the criteria that we have obtained in Theorem 
2.3. 

THEOREM 2.5: Let Ao be type-I with center completely atomic and (r t : 
t ER) admits a normal state (f> . Then (^4 , r t , O ) is strong mixing if and only 
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if (A , r t , 0o ) is ergodic. 

PROOF: We first assume that 0o is also faithful. We will verify now the 
criteria that Q is trivial when (r t ) is ergodic. Since Q is remained invariant 
by the modular auto-morphism group associated with the faithful normal state 
0o, by a theorem of Takesaki [Ta] there exists a faithful normal norm one 
projection from Aq onto Qq. Now since Ao is a von-Neumann algebra of type-I 
with center completely atomic, Stormer [So] says that Q is also type-I with 
center completely atomic. 

Let Q be a central projection in Qq. Since Tt(Q) is also a projection and 
T t(Q) — ► Q as £ — > we conclude that r t (<5) = Q for all £ > (center of 
£ being completely atomic and time variable t is continuous ). Hence by 
ergodicity we conclude that Q — or 1. Hence £ can be identified with £>(/C) 
for a separable Hilbert space /C. Since (r t ) on £>(/C) is an automorphism we find 
a self-adjoint operator H in /C so that r t (x) = e ltH xe~ ltH for any x G B(JC). 
Since it admits an ergodic faithful normal state, by [Fr, Mol] we conclude that 
{x G B{K) : xe itH = e itH x, t eR} = &, which holds if and only if K. is one 
dimensional. Hence Qq = C 

Now we deal with the general situation. Let p be the support projection 
of 0o in Ao. So p is a sub-harmonic projection in Ao for (r t ) i.e. r t (p) > p 
for all t > 0. If (^4o, r t,0o) is ergodic then by [Mol, ] (A p , rf , 0q) is ergodic 
and s — limit^ooT t (j») = 1 where = P-^oP an d rf (a:) = pr t (pxp)p and 
0o(x) = <t> (pxp) for all a; G ^4q- Since Aq is also a type-I factor and 0q is 
faithful, the reduced dynamics is strong mixing by the above argument. Now 
once more we appeal to [Mol, Theorem ] to complete the proof. ■ 

We end this section with another application of Theorem 2.3, proving a 
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result originated in [FNW1,FNW2,BJKW]. 

THEOREM 2.6: Let Ao be a type-I von-Neumann algebra with center 
completely atomic and r be a completely positive map with a faithful normal 
invariant state O . Then the following are equivalent: 

(a) (Ao, r n , 0o ) is strong mixing. 

(b) (Ao,r n ,(p Q ) is ergodic and {w e S 1 , t(x) = wx, for some non zerorr G 
A } = {1}, where S 1 = {w e U : \w\ = 1}. 

PROOF: That '(a) implies (b)' is rather simple. To that end let t(x) = wx 
for some x ^ and = 1. Then r n (x) = w n x and since the sequence w n has 
a limit point say z, \z\ = 1 we conclude by strong mixing that zx = (f) (x)I. 
Hence x is a scaler and thus x = t(x), x^O. So w — 1. By taking w — 1, we 
also get ergodic property, since by strong mixing re = <f>o(x)I for r(x) = x. 

Now for the converse we will use our hypothesis that O is faithful. To 
that end we plan to verify that Go is only scalers and appeal to Theorem 2.3 
for strong mixing. Since there exists a conditional expectation from Ao onto 
Go, Go is once more a type-I von-Neumann algebra with center completely 
atomic. Let E be a non-zero atomic projection in the center of Go- Since r is 
an automorphism on Go each elements in the sequence {rk(E) : k > 0} is an 
atomic projection in the center of Go- If T n(E) f]r m (E) ^ and n > m we find 
that T m (r n - m (E) f]E) ^ and thus faithful and invariance property of <po, we 
get (f)(T n - m (E) f]E) > 0. Once more by faithfulness we find T n - m (E) f]E ^ 0. 
So by atomic property of E and r n „ m (E) we conclude that r n ^ m (E) = E. 
Thus either the elements in the infinite sequence E,t(E), ....,r n (E).... are all 
mutually orthogonal or there exists an integer n > 1 so that the projections 
E, t(E), .., T n -i(E) are mutually orthogonal and r n (E) = E. However for such 
an infinite sequence with mutually orthogonal projection we have 1 = <f>o(I) < 
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0o(Uo<n<m-i T n(E)) = mip(E) for all m > 1. Hence t/>(-E) = which is a 
contradiction, since 2? is non-zero and O is faithful. 

Thus for any w E S 1 with w n = 1, we have r(x) = wx, where x = 
Eo<Kn-i^ r fe(-E) 7^ 0. Hence by (b) we have w — 1. So n = 1. In other 
words we have r(i?) = for any atomic projection in the center of Go- Now 
by ergodicity we have E — I. Thus Go is a type-I factor isomorphic to £>(/C) 
for some Hilbert space /C and r(x) = wrr-u* for some unitary element in Aq. 
Since (Go,T n ,(po) is ergodic by Theorem 2.3 we have {u,u*}" = B(fC), which 
holds if and only if /C is one dimensional ( check for an alternative proof that 
t(u) = u, thus u = I by ergodicity and thus t(x) = x for all x e Go )■ Hence 
£o = -C- This complete the proof that (b) implies (a). ■ 

3 Minimal endomorphisms and Markov semi- 
groups : 

An Eo-semigroup (at) is a weak*-continuous one-parameter semigroup of unital 
*-endomorphisms on a von-Neumann algebra A acting on a Hilbert space 7i. 
Following [Pol,Po2,Ar] we say (a t ) is pure if r\ t>Q a t (A) = C For each t > 
0, a t being an endomorphism, a t (A) is itself a von-Neumann algebra and 
thus f|t>o a t(A) is a limit of a sequence of decreasing von-Neumann algebras. 
Exploring this property Arveson proved that (a t ) is pure if and only if | l^ict* — 
V^atH — ► as t — > oo for any two normal states ipi,ip2 on ^4. These criteria 
gets further simplified in case (a t ) admits a normal invariant state ipo which 
says that (a t ) is pure if and only if \\ipa t — ipo\\ — > as t — > oo for any normal 
state ^. In such a case -^o is the unique normal invariant state. However a 
pure (at) in general may not admit a normal invariant state [Po2,BJP] and 
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this issue is itself an interesting problem. 

One natural question we wish to address here whether similar result is 
also true for a Markov semigroup (r t ) defined on an arbitrary von-Neumann 
algebra A . This issue is already investigated in [Ar] where Aq = B(H) and 
(r t ) is assumed to be continuous in strong operator topology. He explored 
associated minimal dilation to an E -semigroups and thus make possible to 
prove that associated -E^-semigroup is pure if and only if \\4>\T t — 02^*1 1 ^ as 
t — > oo for any two normal states </>i,<f>2 on Aq. In case (r t ) admits a normal 
invariant state the criteria gets simplified once more. In this section we will 
investigate this issue for an arbitrary von-Neumann algebra assuming that (r t ) 
admits a normal invariant state (j> . 

To that end, we consider [Mol] the minimal stationary weak Markov for- 
ward process (H, F t ], j t ,il, t E R) and Markov shift (S t ) associated with 
(Ao,T t ,(f)o) and set A\t to be the von-Neumann algebra generated by the 
family of operators {j s (x) '■ t < s < oo, x E Aq}. We recall that 
j s +t(x) = S*j s (x)S t , t,s ER and thus a t (A[o) Q A[o whenever t > 0. Hence 
(at, t > 0) is a E -semigroup on A[o with a invariant normal state fl and 



for all x E Aq. We consider the GNS Hilbert space (7"^7T0 O j ^4> (^o) ■> ^o) as_ 
sociated with (^4 0) <Po) an d define a Markov semigroup (rf) on ir(Ao) by 
Tt(it(x)) = 7r(r t (x). Furthermore we now identify 7i^ as the subspace of 
H by the prescription ir^x)^ — > j (x)Q. In such a case n(x) is identified as 
jo(x) and aim to verify for any t > that 



for all X G ^4[ where P is the projection from H on the GNS space. We 
use induction on n > 1. If X = j s (x) for some s > 0, (3.2) follows 



js(T t - s (x)) = F s] a t (jt-s(x))F s] 



(3.1) 



r^(PXP) = Pa t (X)P 



(3.2) 
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from (3.1). Now we assume that (3.2) is true for any element of the form 
3si(xi)—j Sn (x n ) for any s 1 ,s 2 ,...,s n > and Xi G A for 1 < % < n. 
Fix any s ± , s 2 , , s n , s n+1 > and consider X = j sl (x 1 )...j Sn+1 (x n+1 ). Thus 
Pa t {X)P = j (l)j Sl+t (x 1 )...j Sn+t (x n+1 )jo(l). If s n+1 > s n , we use (3.1) to 
conclude (3.2) by our induction hypothesis. Now suppose s n+ i < s n . In 
that case if s n _! < s n we appeal to (3.1) and induction hypothesis to verify 
(3.2) for X. Thus we are left to consider the case where s n+ i < s n < s n _i 
and by repeating this argument we are left to check only the case where 
Sn+i < Sn < s n _i < .. < s±. But Si > = s thus we can appeal to (3.1) 
at the end of the string and conclude that our claim is true for all elements 
in the *— algebra generated by these elements of all order. Thus the result 
follows by von- Neumann density theorem. We also note that P = t^(1) is a 
sub-harmonic projection [Mol] for (a t : t > 0) i.e. ct t (P) > P for all t > 0. 

THEOREM 3.1: Let (Ao,T t ,<j> ) be a quantum dynamical semigroup with 
a normal invariant state for (r t ). Then the GNS space associated with 

the normal state 0o on »4o can be realized as a closed subspace of a unique 
Hilbert space TI[q up to isomorphism so that the following hold: 

(a) There exists a von-Neumann algebra A[o acting on H[o and a unital *- 
endomorphism (a t , t > 0) on with a pure vector state (f>(X) =< Q,XQ >, 
Q e TC[o invariant for (a t : t > 0). 

(b) PAP is isomorphic with n(Ao) where P is the projection onto Ti-w^] 

(c) Pa t (X)P = t?(PXP) for all t > and X e A [0 ; 

(d) The closed span generated by the vectors {a tn (PX n P)....a tl (PXiP)Vt : 
< h < t 2 < .. < t k < ....t n , Xi, . . , X n G ^[o, n > 1} is n [0 . 

PROOF: The uniqueness up to isomorphism follows from the minimality prop- 
erty (d). ■ 
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Following the literature [Vi,Sa,BhP,Bh] on dilation we say (A[q, «t, (ft) is the 
minimal E semigroup associated with (Ao, r t , (ft ). By a theorem [Ar, Proposi- 
tion 1.1 ] we conclude that flt>o a t(^[o) = C if and only if for any normal state 
ip on A[o, \\tpa t — ifto\ \ — ► as i — > oo, where tpo(X) =< Q,Xil > for X G A>]- 
In the following proposition we explore that fact that P is a sub-harmonic 
projection for (a t ) and by our construction a t (P) = Fq j 1 as i — > oo. 

PROPOSITION 3.2: ||0r t w - O | I -> as t -> oo for all normal state on 
7r(^4o)" if an d on ly if I iV^t — V'ol I - ► as t — > oo for all normal state ^ on ^4[ . 

PROOF: Since F s ] j 1 in strong operator topology by our construction and 
7r(^4o) is isomorphic to F ]^4[ F ], we get the result by a simple application of 
Theorem 2.4. ■ 

THEOREM 3.3: Let r = (r t , i > 0) be a weak* continuous Markov semi- 
group on Ao with an invariant normal state <ft . Then there exists a weak* 
continuous E -semigroup a = (a t , t > 0) on a von-Neumann algebra A[o 
acting on a Hilbert space Ti so that 

Pa t (X)P = r?(PXP), t > 

for all X G A[o, where P is a sub-harmonic projection for (a t ) such that 
a t (P) T /■ 

Moreover the following statements are equivalent: 

(a) r\t>oa t (A[o) =C 

(b) \\<j>Tt — 0o|| — ► as t — > oo for any normal state on 7r(^4o)". 

(C) n t >0T t 7r (7T(A))=C 

PROOF: For convenience of notation we denote tt(Aq)" as Aq in the following 
proof. That (a) and (b) are equivalent follows by a Theorem of Arveson [Ar ] 
and Proposition 3.2. Since P (\> a t (A [0 )P = n t >o^(PA [0 P) = n t >o^(A ), 
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if (a) is true then we have f)t>o T t(Ao) = i 2 ^ '■ z e Hence (c) is true. Con- 
versely if (c) is true then P f) t > a t (A[o)P = {zP : z EC} . Since f|t>o a t(A[o) 
is (a t ) invariant von-Neumann algebra, by homomorphism property we also 
get a s (P) f)t>o ott{A[o)a s {P) = {za s (P) : z eC. Since a s (P) | 1 as s — > oo we 
conclude that (a) is also true. ■ 

Following [AM,Mol] we say (H, S t , F t ],Q) is a Kolmogorov's shift if strong 
\im t ^_ 00 F t ] = \Q >< Q\. We also recall here that Kolmogorov's shift property 
holds if and only if (f>o(T t (x)T t (y)) — > <f> (x)(f>o(y) as t — > oo for all x, y G -4o- 111 
such a case .4. = B(H) [see the paragraph before Theorem 3.9 in [Mol] ). If O 
is faithful then ^4 and n(Ao) are isomorphic, thus C\t>o T t(^o) —C if and only 
if ||0r t — 0o 1 1 - ► as t — > oo for any normal state on ^4 - Such a property 
is often called strong ergodic property. The following result says that there is 
a duality between strong ergodicity and Kolmogorov's shift property. 

THEOREM 3.4: Let (Aq, t u o ) be a Markov semigroup with a faithful 
normal invariant state 0o- Then the following are equivalent: 

(a) 4> (f t (x)f t (y)) -> (p (x)(j) (y) as i -> oo for any x,y £ A . 

(b) ||0r t — 0o 1 1 - *■ as t — > oo for any normal state on ^4 - 

PROOF: For each t e R let A\ be the von-Neumann algebra generated by 
the backward processes {j b s {x) : — oo < s < t} [Mol]. If (a) is true by Theorem 
3.9 and Theorem 4.1 in [Mol] we verify that weak* closure of UteR^t] * s B(7~Q- 
Since for each t e R the commutant of Aq contains A[ t we conclude that 
HteR^t] is trivial. Hence (b) follows once we appeal to Theorem 3.3. For 
the converse, it is enough if we verify that 0o(f t (x) Jf t (y) J) — > 0o(a;)0o(y) as 
t — > oo for any ijG *4o with y > and 0o(y) = 1. To that end we check the 
following easy steps (f) (f t (x)Jf t (y)J) = (f) (T t (f t (x))JyJ) and for any normal 
state 0, \(f) o T t (T t (x)) - <f) (x)\ < ||0or t -0o||||f t (x)|| < ||0or t -0o||||a;||. Thus 
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the result follows once we note that defined by <p(x) = <p (xJyJ) is a normal 
state. ■ 

THEOREM 3.5: Let (Ao, r t , O ) be a Markov semigroup with a normal in- 
variant state 0o- Consider the following statements: 

(a) 4>o(T t (x)r t (y)) — >• 0o(z)0o(y) as t — > oo for all x,y <E A . 

(b) the strong \im t ^-ooF t ] = \Q >< Q\. 

(c) A = B{H) 

Then (a) and (b) are equivalent statements and in such a case (c) is also 
true. If 0o is also faithful (c) is also equivalent to (a) ( and hence ( b)). 

PROOF: That (a) and (b) are equivalent is nothing but a restatement of 
Theorem 3.9 in [Mol]. That (b) implies (c) is obvious since the projection 
[A'Vl] , where A' is the commutant of A, is the support of the vector state in A. 
We will prove now (c) implies (a). In case A = B(H), we have ClteR^t] = C, 
thus in particular f]t<o a t(^o]) = C- Hence by Theorem 3.3 applied for the 
time-reverse endomorphism we verify that ||0f t — O || — > as t — > oo. Now (a) 
follows once we appeal to Theorem 3.4 for the adjoint semigroups since f t = r t . 
■ 

Let (Bo, X t , t > O,-0) be a unital *— endomorphism with an invariant nor- 
mal state ip on a von-Neumann algebra Bo acting on a Hilbert space /C. Let 
P be the support projection for if). We set Ao = PBP, a von-Neumann 
algebra acting on 7Y , the closed subspace P, and T t (x) = PX t (PxP)P, 
for any x E Ao and t > 0. Since A t (P) > P, it is simple to verify 
[Mol] that (.Ao, Tf, -0o) is a quantum dynamical semigroup with a faithful nor- 
mal invariant state i/j , where ipo(x) = ip(PxP) for x E Ao- Now we set 
ko(x) = PxP and k t (x) = X t (ko{x)) for £ > 0. A routine verification says 
that F s jk t (x)F s j = k s (T t - s (x)) for < s < t, where P s ] = A S (P), s > 0. 
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Are these vectors {X tn (PX n P)....X tl (PX 1 P)f : / G H , < h < t 2 < .. < 
tk < --^n, .., X n G £> ,n > 1} total in HP. As an example we consider en- 
domorphisms on B(H) [BJP] with a pure mixing state, in such a case „4 is 
only scalers thus the cyclic space associated with pure state is itself. Thus 
the problem is rather delicate even when the von-Neumann algebra is the al- 
gebra of all bounded operators on /C. We will not address this problem here. 
Since X t (P)X tn (PX n P)...X tl (PXP)H = X tn (PX n P)...X tl (PXP)Q for t > t n , 
lim t ^ 00 A t (P) = 1 is a necessary condition for cyclic property but not suffi- 
cient. However in the following we explore the fact the support projection P 
is indeed an element in the von-Neumann algebra Ao generated by the process 
(k t (x) : t > 0, x G A ). 

To that end we consider little more general situation. Let Bo be a C* 
algebra, (X t : t > 0) be a semigroup of endomorphisms and ip be an invariant 
state for (X t : t > 0). We extend (A t ) to an automorphism on the C* algebra 
B-oo of the inductive limit 

B ^ At Bo ^ Xt Bo 

and extend also the state ip to £>_oo by requiring (A t ) invariance. Thus there 
exists a directed set ( i.e. indexed by IT , by inclusion £>[_ s C £>[_ t if and 
only if t > s ) of C*-subalgebras B[ t of B^^ so that the uniform closure of 
Useir£>[s is B[-oo. Moreover there exists an isomorphism i : Bo — > i3[o ( we 
refer [Sa] for general facts on inductive limit of C*-algebras). It is simple to 
note that i t — X t o i is an isomorphism of B onto B[ t and ip-ooh = ip on 
B . Let (H w ,n,il) be the GNS space associated with (£>_oo, ?/>_oo) and (A t ) be 
the unique normal extension to ^(fLoo)" '. Thus the vector state ^q(X) =< 
Q,XQ > is (A t ) invariance and (n(B[o)", X t , t > 0,ipci) is a quantum dynamics 
of endomorphism. Let G ] be the cyclic subspace of the vector f2 generated 
by 7t(£>[ ). It is simple to check that tt(X)G ] = Go]Tr(X)Go] for all X G £>[ , 
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hence each element in -k{B[q)" also commutes with Go]- The the map h : X — > 
GojATGo] is an homomorphism and the range is isomorphic to 7r (£>o)", where 
(7io,7To,^o) be the GNS space associated with (B ,?p). We identify the range 
of h with 7r (£>o)". It is simple to verify that h o X t (X) = X t (h(X)) for all 
X G n(B [0 )" and t >. 

Let F t j be the support projection of the normal vector state Q in the von- 
Neumann sub-algebra ir(Bu)" . F t ] is a monotonically decreasing sequence of 
projections as t — > — oo. Let projection Q be the limit. Thus Q is the support 
projection for V'-oo in £>-oo and Q > \ fl >< Q\. We aim to investigate when Q 
is pure i.e. Q — \Q >< Q\. 

To that end we set von-Neumann algebra Ao = F ]-k(B[ )" F ] and define 
family {k t : Ao — > tt(B^ oq )", t £ IT} of *— homomorphisms by 

k t (x) = X t (F 0] xF 0] ), x G Ao 

It is a routine work to check that (k t : t G iT) is the unique up to isomorphism 
( in the cyclic space of the vector f2 generated by the von-Neumann algebra 
{k t (x) : t G IT, x G Ao} ) forward minimal weak Markov process associated 
with (Ao, Vt, V'o) where ?7t(x) = F ]at(F ]o;F ])Fo] for all t > 0. Thus Q = 
\Q >< Q\ when restricted to the cyclic space of the process if and only if 
i ) o{ r lt{ x ) r lt{y)) —* ipoi^ipoiu) as t — > oo. In fact more is true. To that end let 
P be the support projection of the vector state u in von-Neumann algebra 
n (B )" and Ao = Pn (B )"P. We set r t (x) = PX t (PxP)P for all t > 0, x G 
.Ao an d <t>o{%) = ip(PxP). 

Thus /i(-Fo]) = -P and by homomorphism property and commuting 
property with (A t ) we also check that h(J\f ) = Ao and h(r) t (x)) = 
h(F 0] )X t (h(F 0] )h(x)h(F 0] )) = PX t (Ph(x)P)P = T t (h(x)) for all t > 0. 



22 



THEOREM 3.6: The following hold: 

(a) kt(I) = F t] and k t (I)ir(B [t )"k t (I) = k t (Af ) for all t G IT. 

(b) (H, k t , F t ], A t , Q) is the minimal forward weak Markov process associated 
with (JV ,7/t,^ )- 

(c) ^-oo is a pure state if and only if (f) (T t (x)T t (y)) — > (fio(x)ipo(y) as i — > oo 
for ijG -4 - 

PROOF: (a) is essentially by our construction and (b) is a routine work. We 
are left to prove only (c). For any fix t G IT since jt(Ao) = F t ]ir(B[ t )" F t ],ior 
any X G £>[ t we have QXVl = QFqXFqQ = Qk t (x)Q for some x G Ao- Hence 
Q — \Q >< Q\ if and only if Q = |S7 >< S7| on the cyclic subspace generated 
by {k t (x), t G T, x G ^l }- Theorem 3.5 says now that Q = |fi >< fi| is 
and only if ip (rjt(x)rj t (y)) — > ipo(x)ipo(y) as t — > oo for all x G Ao, Since /i 
is an homomorphism and hr) t (x) = T t (h(x)), we also have h(r) t (x))r) t (y)) = 
T t (h(x))T t (h(x)) . Since (p o h = ip we conclude that result. ■ 

4 Sub- factors and Kolmogorov's shift: 

In this section we will investigate further the sequence of von-Neumann algebra 
A[t defined in the last section with an additional assumption that 0o is also 
faithful. 

THEOREM 4.1: Let (A ,r t ,(p ) be a Markov semigroup with a faithful 
normal invariant state 0o- If Ao is a factor then .4[o is a factor. Moreover 

(a) A[o is a type-I (type-II, type-Ill) factor if and only if Ao is a type-I (type 
-II , type-Ill) factor respectively. 

(b) Ao is a hyper-finite factor if and only if A[o is a hyper-finite factor. 
PROOF: We first show factor property of A[o- Note that the von-Neumann 
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algebra Ay generated by the backward process {jg(x) : s < 0,x G Ao} is 
a sub-algebra of A'^ , the commutant of A[q. We fix any X G -AioH^o i n 
the center. Then for any y G Aq we verify that Xj (y)£l = X F ]j (y)tt = 
F 0] X F 0] j (y)tt = j (xy)tt for some x G Aq. Since Xj (y) = j (y)X we also 
have jo(xy)Q = j (yx)Q. By faithfulness of the state <po we conclude xy = yx 
thus x must be a scaler. Thus we have Xj (y)Q = cj (y)Q for some scaler 
c G 17. Now we use the property that X commutes with forward process 
jt(x) : x G A),^ > and as well as the backward processes {jt(x), t < 0} to 
conclude that X\(t,x) = c\(t,x). Hence X = c. 

Now if Aq is a type-I factor, then there exists a non-zero minimal projection 
p G Ao- In such a case we claim that jo(p) is also a minimal projection in 
A[o. To that end let X be any projection in A[o so that X < jo(p). Since 
F ]A[oF -\ = jo(Ao) we conclude that F ]XF ] = jo(^) for some x G vAo- Hence 
X = jo(p)Xj (p) = F 0] Xj (p) = jo(xp) = j (px) Thus by faithfulness of the 
state 0o we conclude that px = xp. Hence X = jo(q) where q is a projection 
smaller then equal to p. Since p is a minimal projection in Ao, q = p or q = 
i.e. X = jo(p) or 0. So jo(p) is also a minimal projection. Hence A[o is a 
type-I factor. For the converse statement we trace the argument in the reverse 
direction. Let p be a non-zero projection in Ao and claim that there exists a 
minimal projection q G Aq so that < q < p. Now since jo(p) is a non-zero 
projection in a type-I factor ^4[ there exists a non-zero projection X which 
is minimal in A[o so that < X < jo(p). Now we repeat the argument to 
conclude that X = jo(q) for some projection q. Since I / and minimal, 
q 7^ and minimal in Aq. This completes the proof for type-I case. We will 
prove now the case for Type-II. 

Let A[o be type-II then there exists a finite projection X < F j. Once more 
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X = F ]XF ] = jo(x) for some projection x G Ao- We claim that x is finite. To 
that end let q be another projection so that q < x and q = uu* and w*-u = x. 
Then j (g) < j (x) = X and j' (g) = jo{u)j Q {u)* and j (^) = 3o(u)*j (u). 
Since X is finite in A\o we conclude that jo{q) = jo(x). By faithfulness of O 
we conclude that q — x, hence x is a finite projection. Since Ao is not type-I, 
it is type-II. For the converse let Ao be type-II. So A[o is either type-II or type- 
Ill. We will rule out that the possibility for type-Ill. Suppose not, i.e. if A[ 
is type-Ill, for every projection p ^ 0, there exists u G A[q so that jo{p) = uu* 
and F ] = u*u. In such a case jo(p)u = uF j. Set jo(v) = F juF j for some 
v G Ao- Thus jo{pv) = jo(v). Once more by faithfulness of the normal state 
00) we conclude pv = v. So jo(v) = uF ]. Hence jo(v*v) = F j. Hence v*v = 1 
by faithfulness of 0o- Since this is true for any non-zero projection p in Ao, Ao 
is type-Ill, which is a contradiction. Now we are left to show the statement for 
type-Ill, which is true since any factor needs to be either of these three types. 
This completes the proof for (a). 

For (b) we recall for a factor, hyperfinite is equivalent to being generated 
by an ascending sequence of finite dimensional von- Neumann algebras [BR,E1]. 
Let Ao be hyperfinite and {J\f n : n > 1} be such a sequence of finite dimensional 
von-Neumann algebras. For each n > 1 we set von-Neumann sub-algebras 
A/jS C A [0 generated by the elements {jt(N n ) : t = £,0 < r < n2 n }. Any 
arbitrary product of elements in the set is reduced to a product of elements 
of at most n2 n elements from the set {jt(r s (Af n )) : where s, t G {^r,0 < 
r < n2 n }}. Thus each A/jo is finite dimensional and ascending with n. By the 
weak* continuity of Markov semigroup we check that the sequence generates 
A[o- Hence by our earlier remark A\o is hyperfinite. For the converse we recall 
for a factor M. acting on a Hilbert space H, Tomiyama's property ( i.e. there 
exists a norm one projection E : B(H) — > -M, see [BR1] page-151 for details 
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) is equivalent to hyperfinite property. For a hyperfinite factor A[o, jo(Ao) 
is a factor in the GNS space identified with the subspace F j. Let be the 
norm one projection from B(H[ ) on A[ and verify that the completely positive 
map E : B(Hq) — > »4o defined by -Eo(A) = -^o]-E(-^o]^-^o])-^o] is a norm one 
projection from <B(F ]) to Aq. This completes the proof. ■ 

Let if be a Hilbert space, B(H) the algebra of bounded operators on H, 
and £ a complete Boolean algebra (complete orthocomplemented distributive 
lattice) with minimal element and maximal element 1. / ^ in £ is an atom 
if J < I implies that J = 0. £ is atomic if for every J e £ there is an atom 
I < J; £ is continuous if it has no atom. A complete Boolean algebra of factors 
is a mapping / — > R(I) from £ into the von Neumann algebras on H, such that 
R(I') = R(I)', R(AI a ) = f]R(I a ), R(yi a ) = (UR(I a ))", R(l) = B(H), and, 
for every I <E £, R(I) is a factor (/' denotes the complement of /, and R(I)' 
the commutant of R{I)). 

We set family A\ s ,t) = A[ s f] A'p — oo < s < t < oo of factors, A[ S;0 o) = A[ s 
and «4(-oo,t] = -4jr 

THEOREM 4.2: The map [s, t) — > «4[ s ,t) has a unique extension to a complete 
boolean algebra of factors if and only if F_ t ] — > |fi >< Q\ and F[ t — > \Q >< Q\ 
as t — > oo. 

Proof: By Theorem 3.5 we have F_ t ] — > |J1 >< Q| as t ^ oo if and only if 
(UteRvA[t)" = B(H). By duality we also have F[t — > |fi >< Q\ as t — > oo if 
and only if Cltm^lt — Thus A[ s ,t) T B(H) as [s, i) j (— oo, oo) if and only if 
F- t ] — > |^ >< ^| and F[ t — >■ |Q >< Q| as t — > oo. ■ 
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5 Complete boolean algebra of type-I factors: 

For a type-I factor Ao, A[o is also a type-I factor, thus there exist Hilbert 
spaces JF ) and JF[ so that Ti is isomorphic to JF ) <g> JF^ and A[o is isomorphic 
to I <S> £>(jF[o). Since for any t > 0, .4[t is a type-I sub-factor of .4[o, thus via 
isomorphism is also a type-I sub-factor of £>(jF[o). Thus we also find a Hilbert 
space J-[Q,t) so that JF[ is isomorphic with .F[o,t) <g> jF[ t and .4[ t is isomorphic 
with / <S> B{J-[t). Moreover J-\q, s ) ® J~[s,t) is isomorphic with J^io^) for any s < t. 
Since A[o is isomorphic to ^4[ s , we also verify that F[ s ,t) is isomorphic to JF[ t _ s ). 
Thus the family V t = J~[o,t)-> t > is a product system [Ar] of Hilbert spaces 
in T[q i.e. P t <E> -P s is isomorphic to P s+t for any s, t > 0. 

Moreover for a type-I factor .4o, Kolmogorov's property of a Markov semi- 
group (.Ao i r t, 0o) is equivalent to strong mixing. Since strong mixing property 
is time reversible, by duality Kolmogorov property of the adjoint Markov semi- 
group is also equivalent to strong mixing. Thus by Theorem 4.2 we conclude 
that the map [s, t) — > A\ s ,t) has a unique extension to a complete boolean al- 
gebra of type-I factors if and only if (*4o, Tt,0o) is strongly mixing. In such a 
case the pure vector state on B(H) is quasi-equivalent [BR] to product states 
0_ <S> 0+ where + and 0_ are the normal states restricted to A[o and .4j ( 
the commutant ) respectively. 

THEOREM 5.1: Let (.4 , n, O ) be as in Proposition 4.1 and A be a type-I 
factor. Then the following hold: 

(a) There exists complex separable Hilbert spaces •Fo^^o an d an unitary op- 
erator U : JF ) ® JF[ — > 7i so that f/g^lpf/o = ^f 0) ® B(T[a), 

(b) (25(JF[ ), /? t , £ > O,-0) is an unital *-endomorphisms, where f3 t (X) = 
U^a t (U (I^ 0) <g> X)C/ *)C/ , * > and X E B{F [Q ) and the normal state 
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i>(X) = (f>(U (Ir 0) ® X)U$), X G B(F [0 ) is invariant for (&); 

(c) Let P be the support projection in T[q of ^ and /C be the Hilbert subspace 
P , then 

(i) Po£>(.P[ )P is isomorphic to 7r^ (^4 ), where 7r^ is the GNS representation 
associated with O ; 

(ii) USj (x)U = Ir 0) ® ^(a;); 

(iii) ^(^(x)) = P p t (P n 4>0 (x)P )P for any iG^ and t > 0; 

(d) The von-Neumann algebra generated by {/3 t (P a;Po) : i > 0,rr G £>(7i )} is 

(e) The set {(3 tn (P x n P )...p tl {P x 1 P )f : / G W ^i,,,^ e 6(«o),0 < h < 
... < t n , n > 1} is total in JF[ ; 

(f) UZF [0 B(H)F [0 U = TTfcCAo) ® B^io); 

PROOF: (a) follows since ^4[ is also a type-I factor by Proposition 4.1. (b) is 
simple to verify. For (c) we recall jo(l) = Po] G »4[o- Hence PqP ]P — Iti <8>P 
where P is a projection in JF ]. However if)(P) = 1, hence P > P . We 
claim that P = P . To that end note that Uq(Ijt <g) Po)Po ^ ^b], hence 
Uo(In (0 ® Po)U$ = Jo(^) for some projection x G Aq. But = O (^*^) = 1, 
hence x = 1 by faithfulness of <j> . Thus PqPojPo = Ir, ® Po and UqJo(x)U = 
P xP , where we have identified ^4 with B(K, ). Now it is routine to verify (c) 
using (b). (d) is rather obvious now by (a) and statement (i) of (c). (e) is trivial 
once we use (d). (f) is rather delicate. To that end first note that P[ G »4[ , 
the commutant of A[o, in fact little more is true, P[ G Aq, the von-Neumann 
algebra generated by the the backward processes {jt(x) '■ t < 0,x G Ao} and 
^•o] — ^[o- Thus PqP[ Po = Qo <8> where Qo is a projection in JF( . Now we 
follow the steps in the proof of (c) applied to the backward process to conclude 
that Qq is the support projection for ip once restricted to A b Q y It is simple to 
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note that UqA^Uq C £>(JF( ) ® 7^. We claim that the equality hold. This 
follows once we recall from the proof of Proposition 4.1 that von-Neumann 
algebra A[ together with A b ^ generate B(H). Since QqB^^Qq is isomorphic 
to ir^Ao)), (f) follows. ■ 

6 Pure state on the two sided quantum spin 
chain: 

In this section we essentially recall basic facts on Cuntz algebras presented 
as in [BJKW] and investigate when a translation invariant state on quantum 
spin chain is pure. This in particular answers an important question how 
Kolmogorov's property of the associated Popescu system is related with purity 
of the state. Perhaps it is the most interesting application of our result obtained 
in section 3. 

First we recall that if d G {2,3,..,}, the Cuntz algebra is the universal 
C*-algebra generated by elements {s±, s 2 , Sd} subject to the relations: 

s* Sj = 5}1 

2 S i S i = L 
l<i<d 

There is a canonical action of the group U (d) of unitary d x d matrices on 
O d given by 

l<j<d 

for g = ((gj) G U(d). In particular the gauge action is defined by 

P z (si) = zst, z G W C E 
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If UHFrf is the fixed point subalgebra under the gauge action, then UHF^ is 
the closure of the linear span of all wick ordered monomials of the form 

s h-- s i k s j k — s ji 

which is also isomorphic to the UHF rf algebra 

so that the isomorphism carries the wick ordered monomial above into the 
matrix element 

4(1) ® e%{2) <g> .... <g> e%(k) <g> 1 <g> 1.... 
and the restriction of f3 g to UHF d is then carried into action 

Ad(g) <g> Ad(g) <g> Ac%) <g> .... 

We also define the canonical endomorphism A on O d by 

K x ) = s i xs i 
i<i<d 

and the isomorphism carries A restricted to UHF rf in the one-sided shift 

Vi®V2® ••• -> 1 <8» 2/i <8> 3/2 — 
on ®5°M d . Note that A/3 9 = /3 9 A on UHF d . 

Let d E {2, 3, .., , ..} and ^ be a set of d elements. X be the set of finite 
sequences / = (ii,i2, ■■■,i m ) where ik E Z d and m > 1. We also include empty 

set G X and set = 1 = sjj, Sj = s h s im E O d and s*j = s* m ...s* h E O d . In 

the following we recall from [BJKW] a crucial result originated in [Po,BJP]. 

THEOREM 6.1: There exists a canonical one-one correspondence between 
the following objects: 
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(a) States Co on Od 

(b) Function C : X x X — > 17 with the following properties: 

(i) C(0, 0) = 1; (ii) for any function A : X — > 17 with finite support we have 

£ W)c(i,J)\(J) > o 

(hi) E^ d C(/i, Ji) = C(J, J) for all I, J el. 

(c) Unitary equivalence class of objects (/C, fi, Vi, .., V d ) where 

(i) /C is a Hilbert space and f2 is an unit vector in /C; (ii) Vi,..,Vd G £>(/C) 
so that Eie^ d — 1; (hi) the linear span of the vectors of the form V^Jl, 
where / G X, is dense in /C. 

Where the correspondence is given by a unique completely positive map 
R:O d ^ B{K) so that 

(i) R( Sl s*j) = VjVJ; 

(ii) lu(x) =< n,R(x)fl >; 

(hi) uj(s iS *j) = C(I, J) =< V/Q, VJtt > . 

(i) For any hx g G Ud and the completely positive map R g : Od — > £>(/C) defined 
by R g = Ro p g give rises to a Popescu system given by (/C, f2, /3 fl (Vi), .., /3 g (Vd)) 
where ^(VJ) = Ei<j< d 9jVj- 

Let w be a translation invariant ergodic states (extremal states) on UHF rf 
algebra ®mM d . Following [BJKW, section 7], we consider the set 

Ku = {ip : tp is a state on Od such that ip\ = ip and i J \\]i{p d = 

K u is a non empty convex and compact in weak topology. is a face in the 
A invariant states since u is extremal. We recall Lemma 7.4 of [BJKW] in the 
following proposition. 

PROPOSITION 6.2: ip G K is an extremal points in K if and only if ip is 
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a factor state and moreover all other extremal points have the form ip(3 z for 
some z G IT. 

PROPOSITION 6.3: Let lu be an extremal point in UHF d C* algebra and 
then there exists a von-Neumann algebra M. acting on a Hilbert space /C so 
that the following hold: 

(a) M. is a factor. 

(b) There exists Vi,V2,...,Vd bounded operators on M. so that t v (X) = 
J2i<i<dViXV* on M. is an ergodic map with a faithful normal invariant state 
0o on M. 

(c) For any I = (ii,i 2 , •••,4), J = (ji,h,—,3k) wi ^h |/| = \ J\ < oo we have 
w(e% ® eg ® eg ® ... ® egj = O (W;)- 

Conversely any A invariant state on UHF d satisfying (a)-(c) is an extremal 
point. 

PROOF: We fix an extremal point ip in K u and consider the GNS space 
(Ti^,Tr^(0(i),^) associated with (O d , ^). Set = 7ty(sj) and consider 
the normal state on ir(Od)" defined by tpn(X) =< £l,X{l >. Thus 
(n(Od)", A, ip) is an ergodic Markov map where 

l<j<d 

Let P be the support projection in *K^{Od)" of the normal state Thus P 
be a sub-harmonic projection for (3, thus by [FR,Mol] we have 

PS*P = S*P (6.1) 

and the reduce dynamic 

t v (x) = Pa(PxP)P (6.2) 

on M. = Pn^(O d )"P is also ergodic with a faithful normal state where 
<f> (x) = ipn(PxP) for all x e M. Hence .M = {V U V*}" and At is a fac- 
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tor, where we defined Vi = PSiP for all 1 < i < d. That (c) is satisfied 
follows by the relation (6.1). Conversely for any given family of Popescu sys- 
tem (X, M., Vi, O ) we consider the minimal dilation (H, Si, P) as described in 
[BJKW, Theorem 5.1] where 

(a) 7i is a Hilbert space and P is a projection so that PTi = JC; 

(b) The family of isometric operators (Si, 1 < i < d) satisfies Cuntz's relation 

J2l<i<d = Ij 

(c) (1 — P)S*P = and P is cyclic for the representation i.e. the set {Sif : 
\I\ < oo, Pf = f, feH} is total in H. 

We define a unique state Co on O d by prescribing oo(sjSj) = <fi(ViVjf). Thus 
the GNS representation associated with (Od,Co) identifies with 7r^(sj) = 
Now (c) guarantees that A n (P) | I as n j oo. Hence Theorem 3.6 in [Mol] 
ensures that the endomorphism (n^(Od)", A n , W ) is ergodic since the reduced 
dynamics (M, t%, 4>) is so. Thus Co is an extremal A invariant state on O d . ■ 

Let uo' be a translation invariant ergodic state on UHF^ algebra ®%Md and 
to be the restriction of uo' to UHF rf algebra B = ®mM d . We fix any ip e 
an extremal point and consider the associated Popescu system as described 
in Proposition 6.3. Then a simple application of Theorem 3.6 says that the 
inductive limit state ip-oo on the inductive limit (Od, VO ~* X (Od, VO ^ A (^d> ^) 
is pure if and only if <f) (r^(x)T^(y)) — ► 4>o(x)4>o(y) for all x,y E M. as n -> oo. 

The von-Neumann algebra {S^S*} : |/| = |J| < oo}" acts on the cyclic 
subspace Ti no generated by the vector Q. This is isomorphic with the GNS 
representation of associated with (B ,uo). The inductive limit (B-ooifi-oo) de- 
scribed as in Proposition 3.6 associated with (B , X n , n> 0,lo) is UHF rf algebra 
®%Md and the inductive limit state is uo' . Let Q be the support projection 
of the state ip in n Q (B )" and Aq = Qn(B )"Q. Since A(Q) > Q, from the 
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identity QA(I - Q)Q = we conclude that (I - Q)S*Q = for all 1 < i < d. 
However Q > P, where P is the support projection of tp on n(Od)"- We 
set k = QSiQ and note that ?/>(SV>Sj) = ipo(lil*j) for all |/| = |J| < oo, 
where ^o(x) = tp(QxQ) for x G Aq. Since fl n >i A n (7r (i3o)") = C, we have 
||A n (X) — (f)(X)I\ \ — > as n — > oo, in particular, A n (<5) | / as n — > oo. Hence 
: |/| < oo, Qf = f,f E is total in H no . 

THEOREM 6.4: Let uo' be a translation invariant ergodic state on UHF^ 
algebra ®^M^. Then the following are equivalent: 

(a) uj' is a pure state. 

(b) i>o{r] n {x)ri n (y)) -> i>o(x)il) (y) as n -> oo for all x,y & A , where 77(2;) = 
T,ikxl* for all x G A- 

PROOF: We consider the dynamics (So, \ n ,ip) and appeal to Theorem 3.6. ■ 

That for a given a/, the Popescu system is uniquely determined modulo 
a unitary equivalence follows from Proposition 6.2 and Proposition 6.3. Thus 
the Markov semigroup (^4 , rj, ifj ) is also uniquely determined modulo a unitary 
conjugation. Thus the criterion appeared in Theorem 6.4 (b) is independent 
of the extremal point ip G that we have chosen. 

COROLLARY 6.5: Let uj' be as in Theorem 6.4 and its restriction 00 to 
UHF rf algebra be a type-I factor state. Then uj' is a pure state if and 

only if (.4.0, Vn,ipo) is strongly mixing. In such a case Aq = M. and Ik = Vk for 
all 1 < k < d. 

PROOF: Since strong mixing is equivalent to Kolmogorov's property for a 
type-I von-Neumann algebra ( see Theorem 4.7 in [Mol]) the first part of the 
corollary follows from Theorem 6.4. 

Since ir u} (®wM ( i is a type-I factor, the unique canonical normal endomor- 
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phism A : ^((g^M^))" — ► ^(^wMi)" has Powers index d and A(X) = 
J2i<k<d,SiXS* for all X e ^((gijvJWd)" where (S^) are elements in -K w (®^[M d )" 
satisfying Cunz's relations. For more details we refer to [BJP]. Since a; is an 
ergodic state, A n (Q) | i" as n f J, where Q is the support projection of 
in 7r w (®jvMrf)". Since -4o is also a type-I, strong mixing and Kolmogorov's 
property are equivalent. In particular the adjoint Markov semigroup (f t ) on 
-4o satisfies Kolmogorov's property, hence by Theorem 3.4, |]r t — O || ~^ as 
t — > 0. Hence by Theorem 3.3 Dn>i -^(^((gijv-Wd)") = -C- That is equivalent 
to {SjS} : |/| = \J\ < oo}" = ^(OjvMrf)". Since Si G tt^wM,;)" by our 
construction we conclude that {SjS} : \I\ — \ J\ < oo}" = {Si, S* : 1 < i < d}". 
Thus for a type-I factor strongly mixing (Ao,i] n ,tp ) system, we find that 
Ao — M and l k = V k . ■ 

The above corollary enable us to construct a pure state on the UHF rf algebra 
®%M d so that its restriction on (g) W M d ) is a type-I factor state (see [BJP], 
[BJKW], [Ma2]). For an explicit example of a pure state on ®%M d which give 
rise to a type-Ill factor on ^^Md), we refer to [Mai]. Is it possible to construct 
a pure state so that its restriction to one sided chain will be type-II? It is not 
hard to realize that it is impossible if we demand hyperfinite type-IIx factor 
state. A proof and more results follow in the next section. 



7 Jones index of a quantum dynamical semi- 
group on Hi factor: 

In this section we continue our investigation in the general framework of section 
4 and eventually study the case when -4o is type-IIi. 

PROPOSITION 7.1: Let (Ao, r t , O ) be a dynamical system as in Theorem 
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4.1. If A[o is a type-IIi factor which admits a unique normalize faithful normal 
tracial state then the following hold: 

(a) F t] = I for all t G M; 

(b) r = (r t ) is a semigroup of *— endomorphisms. 

(c) A [0 =jo(A ). 

PROOF: Let tr be the unique normalize faithful normal trace on A[q. For 
any fix t > we set a normal state 4>t on «4.[o by <f>t(x) = tr (a t (x)). It is simple 
to check that it is also a faithful normal trace. Since a t (I) = I, by uniqueness 
4>t = tr . In particular tro(F j) = tro(a t (F j) = tro(Fq), by faithful property 
F t ] = F ] for all t > 0. Since F t ] | 1 as t — > oo we have F ] = J. Hence 
F t ] = a t (F ]) = / for all t E M. This proves (a). For (b) and (c) we recall 
that F ]j t (x)F ] = jo(T t (x)) for all t > and j t : ^4o - * <A[t is an injective *— 
homomorphism. Since F t \ — F j — I we have jt(x) = F jj t (x)F j = j (T t (x)). 
Hence A [0 = j (A ) and j (r t (x)r t (y)) = j (T t (xy)) for all x,y G A- Now by 
injective property of jo, we verify (b). This completes the proof. ■ 

THEOREM 7.2: Let u' be a pure state on UHF d algebra ®^M d then the 
restriction oo of uo' to the UHF rf algebra ®jv^d is not a hyperfinite type-IL 
factor. 

PROOF: We first recall quantum dynamical semigroup (Ao,rft,ipo) described 
as in Theorem 6.4 and consider associated stationary minimal weak Markov 
processes (j t ). The von-Neumann algebra A[o is isomorphic to a sub- algebra 
of 7r((g>jvM rf )". In case 7r(®^vM d )" is a type-IL factor, ^4 is also a type-IL 
factor. By Tomiyama's property [BR] we also note that A is a hyperfinite 
factor for hyperfinite 7r(®jv^fd)"- In such a case by Theorem 4.1 A[o is also 
a type-II hyperfinite factor. Since A\o is isomorphic to a von-Neumann subal- 
gebra of Ti{®]jsiM d )" which is a type-IL factor, we conclude that A\q is also a 



36 



hyperfinite type-IIi factor. Hence by Proposition 7.1 (c), (77^) is a semigroup 
of *— endomorphisms and so il) (r) t (x)r) t (y)) = ip (xy) for all t > 0. Thus by 
Theorem 6.4 uj is pure if and only if ip (xy) = i^ (x)ipo(y) i.e. x = i[>o(x)I for 
all x E Ao- This clearly contradicts that Aq is a type-IIi factor. ■ 

We continue once more now our general case and fix a type-IIi factor Ao 
which admits a unique normalize faithful normal tracial state. Since .Aro is 
a type-II factor whenever Ao is so, we conclude that A[o is a type-IIoo factor 
whenever r t is not an endomorphism on a such a type-IIx factor. The following 
proposition says much more. 

THEOREM 7.3: Let Ao be a type-IIi factor with a unique normalize normal 
trace and (Ao : r t: O ) be a dynamical system as in Theorem 4.1. Then the 
following hold: 

(a) jo(I) is a finite projection in A[o and there exists a type-IIi factor .Mo 
isomorphic to Ao so that .4.[o = Mo <8> -B(JF[ ) where JF[ is a complex separable 
Hilbert space. 

(b) There exists a tower of type-IIi factors Mo C .M s ... C .M t C .., t > s > 
acting on a complex separable Hilbert space To so that A\-t is isomorphic to 
M t ® B(T[ t ), where for each t > 0, T\t is a complex separable Hilbert space. 

PROOF: By Theorem 4.1 A[o is a type-II factor. Thus A[o is either type-IIi 
or type-IIoo. In case it is type-IIi, Theorem 4.5 says that A\-t is jo{Ao), hence 
the statements (a) and (b) are true with M. n = jo(Ao) and the Hilbert spaces 
T[t are C Thus it is good enough if we prove (a) and (b) when ^4[ is indeed 
a type-IIoo factor. To that end we fix a normal faithful trace tr on A\o and 
consider the map x — > tr(j (x) for x G Ao- It is a normal faithful trace on Ao, 
hence it is a scaler multiple of the unique trace. Thus jo{I) is a finite projection 
in A[q. Now the general theory on von-Neumann algebra [Sak] guarantees the 
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result once we recall that jo(Ao) = jo(I)A[ojo(I). This proves the statement 
(a). For the second statement note also that jo(I) is a finite projection in A[-t 
for any t > 0, thus j (I)A[- t jo(I) is a type-IIi factor acting on F j. So once 
more we appeal to the general theory [Sak] for isomorphism with M®B(^[t). 
The inclusion relations follow from the inclusion relations A[- s Q A[-t where 
t > s m 

We first recall Jones's index of a sub-factor originated to understand the 
structure of inclusions of von Neumann factors of type Hi . Let N be a sub- 
factor of a finite factor M. M acts naturally as left multiplication on L 2 (M, tr), 
where tr be the normalize normal trace. The projection E = [Ntu] 6 N', 
where uj is the unit trace vector i.e. tr(x) =< u,xu > for x G M, determines 
a conditional expectation E(x) = E xE on N. If the commutant N' is not a 
finite factor, we define the index [M : N] to be infinite. In case N' is also a finite 
factor, acting on L 2 (M,tr), then the index [M : N] of sub-factors is defined as 
tr(Eo)' 1 , which is the Murray- von Neumann coupling constant [MuN] of iV in 
the standard representation L 2 (M,tr). Clearly index is an invariance for the 
sub-factors. Jones proved [M : N] e {4cos 2 (7r/n) : n — 3, 4, • • •} U [4, oo] with 
all values being realized for some inclusion N C M. 

Let ^4o be a type-IIi factor and r be a normal completely positive unital 
normal map with a faithful normal invariant state 0o- We consider the dynam- 
ics (.4.0) T m n > 0, <f> ) where r n = t o t... o t (n fold ) and r = /, the identity 
map and the associated tower of IL factors M Q Mi C ...M n C acting on 
the complex separable Hilbert space J-q described as in Theorem 4.6. Thus the 
infinite sequence of Jones index {[.A/U+i : JAk\, k = 0,1,..} associated with 
the canonical tower M.^ : k > of Hi factors is an invariance for the dynamics 
(Ao,r,(f) ). One aim to investigate how this tower (Mk '■> 0) is related with 
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Jones's tower of type-IIi factors. 

To that end we review now Jones's construction [Jo, OhP]. Let <po be the 
unique normalize normal trace. The algebra Ao acts on L 2 (Ao,(f)o) by left 
multiplication 7to(y)x = yx for x G L 2 (Ao,4>o)- Let u be the cyclic and 
separating trace vector in L 2 (Ao,4>o)- The projection E = [B uj] induces a 
trace preserving conditional expectation r : a — > E aE of Ao onto Bo- Thus 
EoTTo(y)E = E Q 7i (E(y))E Q for all y £ Ao. Let A\ be the von- Neumann alge- 
bra {n (Ao) , E }" . Ai is also a type-IIi factor and Ao Q Ai, where we have 
identified vr (^4o) with Ao- Jones proved that [A± : A)] = [Ao : Bo]. Now by 
repeating this canonical method we get an increasing tower of type-IIi factors 
Ai C A 2 --- so that [Ak+i '■ Ak] = [Aq : B ] for all k > 0. Thus the natural 
question: How Jones tower Ao C .4.! C ... C Ak--- is related with the tower 
Mo C Mi-.-Mk ^ A^fc+i associated with the dynamics (Ao,r n , O )? 

To that end recall the von-Neumann sub-factors Mo Q M-i an d the 
induced representation of Mi on Hilbert subspace #[-i,o] generated by 
{ i 7o(xo)j-i(x_i)Q : Xo,x_i G Ao}- is the trace vector for Mo i-e. 0o(^) =< 
il,jo(x)il >. It is the trace vector for Mi if and only if Mi = Mo, ( for trace 
vector we check that (po(r(x)yT(z) = <f)(j (x)j-i(y)j (z) = <f) (T(zx)y)) for any 
x, y, z G Ao )• Nevertheless there exists a unique normalize trace on Mi, being 
a type-IIi factor. 

THEOREM 7.4: [Mi : M ] > [A : Bo]. 

PROOF: Let 0i be the unique normalize normal trace on A\ and Tii = 
L 2 (Ai,(pi). We consider the left action iri(x) : y ^ xy of A\ on Hi- Thus 
7r (^4o) is also acting on Hi- Since Eqtto(x)Eo = Eq1to(t(x))Eo = Eotto(t(x)), 
for any element X G Ai, E X = E tto(x) for some x G A>. Thus tti(E ) is the 
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projection on the subspace {E tt (x) : x G Aq}. 

For any y G Aq we set 

(a) k-i(y) on the subspace iii(E ) by j_i(y)E ir (x) = E ir (yx) for x G Aq 
and extend it to Tii trivially. 

(b) k (y)x = n (y)x for x e Ai 

For y, z G vAo we verify that 

< E ir (y), k- 1 (i)k (x)k- 1 (i)E 7r (z) >i=< E 7r (y), E tx (x)Eqti (z) >i 

=< £; 7r (?/),-Bo7ro(T(x))£;o7ro(2;) >i 
=< J B 7ro(t/), J Bo7ro(^(a;))7ro(2;) >i 

Thus fc_i(l)fco(a;)A;_i(l) = fc_i(r(a;)) for all a; G A- Note that fc_i(l) = tti(E ) 
and the identity operator in Hi is a cyclic vector for the weak Markov process 
and thus by uniqueness of minimal weak Markov processes associated with 
(Aq,t, 4>o), {k-i(Ao), k (Ao)}" is isomorphic to M.±. Since fc-i(l) = tti(E ), 
Ai C Mi- In fact strict inclusion hold unless Bq = Aq. Thus [Mi : »4i] > 1. 
Since [A4i : Mq] = [Mi : ^4i][^4i : M ] and : „4 ] = [A : Bq], we conclude 
the result. ■ 

Thus for any finite sub-factor Bq of a type-IIi factor we could associated 
via a canonical method a sequence of Jones numbers {[Mk '■ Mk-i], k > 0} 
as invariance for the inclusion Bq C Ao, where we set M-i = Bq. 
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